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' Abstract 
l> . 

The e + e pair production in collisions of muon with atoms is considered to 
all orders in the parameter Za. We obtain energy distribution of e + and e~ as 
well as energy loss of muon passing through matter with heavy atoms. The found 
corrections to the Born contribution do not depend on the details of the target 
properties except of a simple factor. For the considered example of Pb target the 
muon energy loss corrections vary from —65 % to —10 % depending on the pair 
_C ■ energy. 

> : 

•rH , 

^ ' 1 Introduction 

The production of e + e~ pairs in collisions of high energy muons with nuclei and atoms is 
important for a number of problems. In particular, this process is dominant for energy 
losses of muons passing through matter. An precise knowledge of these losses is necessary 
for the construction of detectors and colliders and an estimation of shielding at high 

energy colliders. 

In Born approximation various cross sections for the process under discussion (A de- 
notes an atom or a nucleus with charge number Z) 

fiA -> [iA e + e~ (1) 
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have been calculated in Refs. A recent short review on the muon energy loss at 

high energy can be found in Sect. 23.9 of |J. Some useful approximate formulae and 
figures are given in 0. 

In all mentioned papers effects of high order corrections in the parameter 

have not been taken into account. However, this parameter is of the order of 1 for heavy 
nuclei [y = 0.6 for Pb) and, therefore, the whole series in v has to be summed to achieve 
an exact result for process ([!]). 




Figure 1: Amplitude M n with n exchanged photons for reaction \iA — ► \iA e + e 



Let M n be the amplitude of the discussed process with n exchanged photons (Fig. 1). 
We present the cross section in the form 



da = da-Qom + da, 



Coul 



3C 



da Bovn OC |MBorn| 2 = l^ll" > ^Coul oc | ]T M n \ 2 - \M X \ 2 (3) 



71=1 



where M-Qmn = Mi denotes the Born amplitude. We call the Coulomb correction (CC) 
the difference dac u\ between the exact result and the Born approximation. 

Such kind of CC is well known in the photoproduction of e + e~ pairs on atoms (see M, 



§32.2 of and §98 of ||10|| ). In case of the total cross section the corrections are negative 
and decrease the Born contribution by about 10 % for Pb. 

In the present paper we calculate CC for reaction ([[]) neglecting only pieces of the 
order of 



me 



Therefore, our results are valid for ultrarelativistic leptons. In (^) m e and m M are the 
lepton masses, e± and denote the lepton energies. 

The discussed process for e± E^ has a close relation to A' A A'Ae + e~ where A' is 
a fast nucleus with relatively small charge Z'a 1 and A is a heavy atom or nucleus with 
Za ~ 1. The latter process was considered in Refs. [JTTJ and |C| assuming that the lepton 
energies are much smaller than the energy of the projectile nucleus A'. In [ITT], O] the 
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same complicated method has been used as in Ref. H which basically uses approximated 
relativistic wave functions of e + and e~ in the Coulomb field of the nucleus A. 

Our approach is more simple and transparent. It is based on cross sections for the 
virtual process 7*A — > e + e~A (where 7* denotes the virtual photon with 4-momentum 
squared q 2 < 0) which has been recently obtained in Ref. El by a direct summation 



of the corresponding Feynman diagrams. For e± <C E^ our Eqs. (|20|) and (30) coincide 
with Eqs. (38) and (39) of ITIJ, respectively, while our Eq. (TA) coincides with the 
corresponding equation of |12[ only in the main logarithmic approximation. (It should 
be noted, however, that the results of O] for the discussed process are also presented in 



logarithmic accuracy.) 

The outline of our paper is as follows: In Sect. 2 we obtain the energy distributions 
for electrons and positrons. The next Sect, is devoted to the muon energy loss. In 
Sect. 4 we summarise our results and compare the obtained Coulomb corrections with the 
Born contributions. Additionally we discuss CC for similar processes with other charged 
projectiles (e, tt, p instead of //). 

Our main notations are collected in Fig. 1: q and uj are the 4-momentum and energy 
of the virtual photon generated by the projectile muon and k±, . . . ,k n are the 4-momenta 
of the photons exchanged with the nucleus. Besides we use 

x± = —, x+ + x- = 1 , y = ^r, Q 2 = -g 2 > . (5) 

10 tip 

Throughout the paper the well known function 

00 

y - 

^ n(n 2 + v 2 ) 



00 1 

/M = Z/2 E -t^t-t^ (6) 



and the abbreviation 

4 

a ° = q — ( 7 ) 

Sir mi 



e 

are used. 



2 Energy distribution of e + and e 

It is well known || that the cross section for process (|TD as well as for electroproduction 
can be exactly written in terms of two structure functions or two cross sections a T (uj, Q 2 ) 
and cr s (u, Q 2 ) for the virtual processes j^A — > e + e~ A and jgA — > e + e~ A (where 7^ 
and 75 denote the transverse and scalar /longitudinal photons with helicity Ay = ±1 and 
As = 0, respectively): 

da = a T (u, Q 2 ) dn T (uj, Q 2 ) + a s (u, Q 2 ) dn s (uj, Q 2 ) . (8) 

Here the coefficients dri? and dns are called the number of transverse and scalar virtual 
photons (generated by the muon) with energy uj and virtuality Q 2 , respectively. The cross 
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sections a T and a s have been calculated recently in Ref. []13|[]: 

mi 2(x+ + x 2 _)m 2 e 



da T = da T l+ da T 2 =-^[L-f(v)] 



da 3 = daf + dof 



3 ml 

AZ 2 a 3 rr Am 2 Q 2 x 2 + x 2 _ 
3 mi 



ml + Q 2 x + x^) 2 ^ ml + Q 2 x + x. 
dx± 



dx A 



with 



In 



2uox+X- 



m e 



(ml + Q 2 x + X-)' 



1 m 2 + Q 2 x + x^ 1 
- In 5 

2 m 2 



(9) 



(10) 



and the function f(y) is given in Eq. (P). The cross sections do\' S oc L correspond to 
the Born contributions and rfcr^' 5 oc —f(u) to CC. The accuracy of cross sections (^) is 
determined omitting only pieces of the order of 



Q 



The number of photons can be found in Sect. 6 and App. D of review [[] 
Oiml/El), 0(Q 2 /u; 2 )) 



(11) 

(with accuracy 
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duj dQ 2 
~~Q 2 
dw dQ 2 
~~Q 2 ~ 



(12) 



where 
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(13) 



For the considered case of muon projectile C = D = 1, other particles are discussed in 
Sect. 4. Eqs. fl8|)-(|T3|) are the basis for our following calculations. 

Integrating Eq. (f|) over Q 2 from Q^m to infinity (the upper limit can be set to infinity 
due to the fast convergence of the integral) we obtain the known Born contribution and 
the new expression for CC: 



docoui = -0of{v) F(x,y)—dx, 

UJ 



with 



(14) 



F{x, y) = (1 - y) [(1 + A + a - 1 - A] In 1 



2(1 + x 2 , +x 2 _ 



m l y 2 

ml 1 — y 



a + 



4 - a - A 

i + e 



, (15) 



1 In Eqs. (46), (49) and (59) of 13 a factor x+X- is missing in the integrands of quantities af and 
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Since the integration variables can be transformed as follows 



du _de ± de_ 



Eq. ( [T3D describes the energy distribution of e + and e in CC. In the limit ( C 1 (or 
y <C m e /m^) the function F(x,y) is approximated by 



At £ ^> 1 we obtain 



F(x, y) = (1 + 2x 2 + + 2x 2 _) In - - A(x 2 + + x 2 ,) . (17) 



F(x, y) = -[1 - y + y 2 + 2(1 - y - y 2 )x + x_] . (1? 



It is easy to see that the main contribution to acoui arises from the region 

m 2 < (m e ^ . (19) 



Strictly speaking, the cross sections @ are valid for pair production processes on nu- 
clei. In the collisions of virtual photons with atoms, an atomic screening effect has to be 
taken into account. For high energy photons the screening effect changes considerably the 
differential and total cross section as well as the energy loss for the Born contribution. 
The reason is that the region of small transverse momenta ki± ~ If a ~ m e aZ 1//3 (a de- 
notes the atomic radius) significantly contributes to the cross sections. As a consequence, 
the function in the Born contribution equivalent to our F(x, y) becomes very complicated 
and not universal for different atoms (see f5j). On the contrary, the region mainly con- 
tributing to CC, is determined by the condition k\±, . . . , k n j_ ~ m e < 1/a. Therefore, the 
atomic screening effect is negligible in CC and the function F(x,y) as well as some other 
distributions are universal and do not depend on atomic properties. 

However, if one is interested in very high energy pairs effects of the nucleus form factor 
have to be taken into account both in the Born contributions as well as in the Coulomb 
corrections. This happens in the case when the characteristic squared momentum trans- 
ferred to the nucleus ~ m 2 + Q^^x+X- becomes comparable with (1/Ra) 2 where Ra is 
the radius of the nucleus. From this condition it follows that the just mentioned universal 
behaviour is spoiled for y > 0.5 where this pair production is strongly suppressed. 



3 Muon energy loss 

The Coulomb correction to the spectrum of the muon energy loss can be obtained from 
Eq. ( |H]) after integrating over x + : 

da Coul = -a f(u)F(y)^, F{y) = (1 - y)F 1 {z) + y 2 F 2 {z) , z = (20) 

y mi 1 — y 
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where 
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Fo(z) 
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(21) 



3z z(A + z) 3, 

The function F(y) is presented in Fig. 2. At small z <C 1 (where y <C m e /m^) the 




Figure 2: Function -F(?/) defined in Eq. (|20|) vs. the fractional energy loss of the muon 



spectrum is logarithmically enhanced: 

F(y)- 



7 8z\l 20 5112 

— I In - H 1 h • • • 

3 15 J z 9 450 



whereas at large z ^> 1 it is powerlike suppressed: 



F(y) = -\(l-y) 



22 \ , 5 
2 h2 + 6 + - 

3zJ 9z 



2 + - lnz + l + — 

zj 2z 



+ 



(22) 



(23) 



The approximate expressions (|22fl23|) agree with the exact spectrum (|20j ) within 1 % 
accuracy everywhere except in the region y = 0.004 + 0.02. 

From the experimental point of view of special interest is the relative mean rate of 
muon energy loss due to pair production (or stopping power) on unit length in matter. 



6 



This quantity can be calculated as 



1 dE 
E~dx 



n 



l y ~d~y dy = n<7 ° ( '-'Born + Seoul) 



(24) 



where n is the number of atoms per unit volume. Formulae and tables for the Born 
contribution SBorn are given in Ref. M. In particular, for the case without screening 



SBorn — So 

and for complete screening 

SBorn = So 

where 



1 _ 5 ) i n 3l _ i.77i 

4rrv 



189 

: i - 5 i) ln ^+ - 604 



Sf) 



197T 2 m P 



48 m P 



12 m M ' 197T 2 m M 



ln^ 



0.0352 



From Eqs. (|20|) and (^4j) we derive the Coulomb correction 



Seoul = -f{v) J F(y)dy = - (1 - 5,) f{v) S . 



(25) 



(26) 



(27) 



(28) 



In the integration we have used as lower limit zero, since the region near the threshold 
2/min = 2m e /_E M can be safely neglected. 



4 Discussion 



In this paper we have presented the Coulomb correction to pair production of high energy 
muons on atoms. Differently to the Born contributions of various distributions, these 
corrections do not depend on the target properties, except of a simple factor aof{y) (if 
we do not consider the exceptional case of pair energies close to the muon energy). 

To demonstrate the relative importance of CC we discuss two simple examples: Firstly, 
we present in Fig. 3 the ratio of the spectral distribution dac on \/dy to the corresponding 
Born cross section 

dacoui/dy = f{v)F(y) 

da Bovn /dy 12F a (y,Ej 1 } 

where the universal function F(y) is given in Eq. fl20D , and values for F a (y, E^) are taken 
from Table I of M for collisions of muons with energy = 86.4 GeV on lead target, 
f(u) = 0.331. The presented ratio varies from about —65 % to roughly —10 % in the 
considered interval of pair energies. 

Secondly, we compare the stopping power Sc ou i with the Born term in the two limiting 
cases of Eqs. Q25D and (EBp. For muon scattering on a Pb target Sc ou i/SBorn = —15 % at 
E^ = 25 GeV without screening and —7.7 % for the case of complete screening. 
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Figure 3: Ratio of Coulomb to Born energy distribution vs. energy fraction y for muon 
collisions on Pb target at = 86.4 GeV 



It might be useful to present a simple expression for the contribution to crcoui above 
some cut uj > u cnt where this cut is restricted to the region 2m e <C co> cut <C rrieE^/m^. 
From Eq. (p0| ) we obtain 

^coui(^cut) = --o-Q /(i/) I + —I + — — J , Z = In ^ . (30) 

3 V 21 63 / m^cut 



The expression ( PD|) does not remain valid close to the threshold uo m \ n = 2m e . Therefore 
from Eq. ( p0|) the Coulomb correction to the total pair production cross section can be 
obtained only in leading logarithmic approximation choosing u; cu t = 2m e : 

28Z 2 a 4 / E,\ 2 

ac °« = -^^r M { ln 2^rJ ■ (31) 

Finally, let us discuss the case when the muon projectile is replaced by other charged 
projectiles such as electron, pion or proton. For an electron projectile the distributions 
([14]) and (|20|) remain valid changing — > m e . However, in these distributions as well 
as in the Born contributions one has to take into account the effect of the identity of 
the final state electrons and the bremsstrahlung mechanism of the e + e~-pair production 
(according to [13) this changes the result only slightly). 



For pion and proton projectiles in the basic formulae the number of photons should 
be changed (besides the trivial mass replacements). The numbers of photons are given 
by Eqs. (pD with C = 0, D = F*(Q 2 ) for pion and C = G 2 M (Q 2 ), D = [Am 2 p G 2 E (Q 2 ) + 
Q 2 G 2 M (Q 2 )]/(4m 2 + Q 2 ) for proton. Here F n , Ge and Gm are the pion, proton electric 
and proton magnetic form factors, respectively, m p is the proton mass. For the pion case 
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these changes are essential only for y close to 1 where we should take into account the 
nucleus form factor, too. For the proton case the nucleus form factor becomes important 
for somewhat smaller y where the influence of the proton form factors is still small. 
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